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MaTepnaJH/Bamm ZKUBbBIX 1 HE’ZKMBbBLIX CUCTEM

Uro noxpasymeBaeTcsl Moji TEPMUHOM Matepuanu3aiusa? Martematiuueckas eJUHUALIA U MaTe-
puasibHast TouKa aOCTPaKTHBI. be3 MaTeMaTrKi OHM OTCYTCTBOBAJIM KaK MOHSTHE, HO 0e3 HUX TeOo-
peTudeckue Tpybl He 00OIUTUCH Obl, He ObLIIO MaTEMAaTHUYECKOr0 0000IIeHNsI, TeOPEeTHUECKON 0a3bl
IUIsI TIPAKTUYECKON MHAYCTpuU. VI3 HeObITUS U3BJIeUeHHbIe B MH(OPMAIIMOHHBIN TU1ACT d(heMepHbIe
MOHSATHS SIBUJIMCh KPAaeyroJbHBIMU KAMHSIMU MHOKECTBA MPAKTUUECKUX BBIYUCIICHU.

Puc 1 —

M

Paccmotpum nporiecc Mn (kpuBast) u cimydaid B satoro mporecca (touka B).

OOHapyXMBaeTCsl, YTO MPABWILHO OIHUCATH STOT MPOIECC HEBO3MOXKHO, T.K. CAMO OIHCAHUE
HE MMEET KOHIIA, M BEPOSITHO TOJIbKO OMUCAHUE 33/1aHHbIX, T.€. U3BECTHBIX XapPaKTEPUCTHUK.

[ony4uB 1BE KOOPIMHATHI, TOUKA CTAHOBUTCS «KBaIPaTHOW», CO CTOpOHaMH X U y. Ecim no6a-
BUTb OCh Z, 33/IA101IyI0 00bEM, TOUKA CTAHOBUTCSI KYOOM CO CTOPOHAMU X Y Z, €CITU X = Y = Z ¥ TTapaJl-
JIeJIeTIMIeIOM, eCU X # Y # Z. IIpu NosIBJIeHn IMCKPETHOM BpalaTeIbHON XapaKTePUCTUKH TOUKa
Oynet cTpeMUuThCs K (popMe MHOTOTPAaHHUKA, 4 TIOCTOSTHHASI BpallaTesibHas XapaKTepUCTHUKA ITpeBpa-
TUT €€ B IIap, T.€. TOUKa IPUMET N3HAYAIbHO IPeArnosaraeMyio Gopmy, «Kpyriyio».

[lepoHavanbHOE OmnMcaHWe ABYMsI KOOpIMHATAMM MOKHO pacCMOTPETh B KayecTBe Cilyvasi
Martepram3aun Touek A u C, KOTOpBIX «He ObUIO» U KOTOPbIe «BOZHHUKJIN» TPH HEOOXOMMMOCTH
onucarb TOUKy B.

OTHOCUTENTLHO APYT APYra OHU PaBHBI HYJIIO, OTHOCUTEILHO TOUKY B MMEIOT 4nciioByio xapak-
TEPUCTUKY. 3arlOMHUM 3TOT (pakT. B KBaHTOBOW (pM3MKe TaK «BeAyT ceOsi» MPOTHUBOIOIOKHBIC
CIIMHBI.

Hazosem AAC]] koopaunaTHO# cepoit onuckiBaemon Touku B; AABC orpakeHreM Koopau-
HATHOU chepsl.

PaccMoTrpum marepranuzanio (371ech U jajee TePMUH MaTepraiu3aiys ynoTpeonseM Kak
OaHaybHBIN) Ha JaHHOM mpumepe. AABC orpaHudeH BCIIOMOTaTeIbHBIMH TEePIIeHANKY/IIpaMy
Ha OCH KoOpAWHAT U TuroteHy3oi AC, KOoTopasi CIyXHUT TPaHHIIeld MEeXIy KOOPOAUHATHOU chepoit
U €€ OTPaKeHUEM.

AAJIC nmeet 3Ha4ueHue JJ1s1 CUCTEMbl KOOPAWHAT X y C LIEHTPOM B Touke [] v 11 ripoiiecca onu-
CaHMS OH CaM SIBJISIETCS] OMMCAHUEM «Pa3peKeHHOW» TOYKHU B, B CyIIHOCTH, 9TO MaTepuaIn30BaH-
HOE€ KBa3UIIPOCTPAHCTBO, TO €CTh MbI MOJIy4yaeM MpUMep BOZHUKHOBEHUS U, Jlajee, y3aKOHUBAHUs,
9TOTO MOHSATHS, U, 60JIee TOro, MPSMOTO YJYacTHsI B IBHKEHUU TBEPIOTO MaTepHaIbHOIO MHUpa TaKHUX
OOBEKTOB, KaK MaTepraibHasi TOUKa ¥ MaTeMaTHyecKasi eMHUIA. DTOT MPOIIECC aBTOP U Ha3bIBAeT
MaTepuaIn3alkeil, a BbIILIEONMCaHHOE eCTh CIIy4yail MaTepuaIn3alvu.
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OpHako, ¥ TOYKa, W eMHUIA SBJISIOTCS KBa3UBEIMIUHAMM, T.K. OHU HAXOMASITCS B KBAa3UITPO-
CTpaHCTBe.

3/1ech yMECTHO MPUBECTH OIMMCAHUE CYIIECTBOBAHUS a0COMIOTHOTO Mapasuies3Ma JUisi Haro-
MMHAHHUSA O reoMeTpun Prumana.

«B onnoIi Touke PO OpueHTaIHIo JTJOKAJIBHOTO OPTOTOHATIBHOTO N-KOJa MOKHO BBIOpATh MpO-
n3BOJIbHO. Ho 111 Apyrux Tovek oHa yxe OylIeT onpenessiTbCsl OMHO3HAYHO YCJIOBHEM, YTOOBI BCE
COOTBETCTBEHHbIC OCH JIOKAJIbHBIX N-KOIOB OBLTM B3aMMHO TMapasule/ibHBIMUA. Torjaa napasuie/ibHbie
BEKTOPBI Oy/lyT UMETh OJMHAKOBBIE JIOKAJIbHBIE KOMIIOHEHTHI. TakiuM 00pa3om, [Tl mapasuieIbHOTO
nepeHoca BeKTopa A u3 Touku Po B O6e3koHeuHO (mpaBociiaBHass opgorpadus mpuctaBku «Oe3»
31Iech U Jasiee) OMu3KyIo Touky P BeimonHsiercs hopmyria

b

WM, T.K. KOMIIOHEHTHI JIMHeHHoro 3neMenTa dx' = ah"%dx,
a 0OpaTHBIE COOTHOLIEHHS UMEIOT BUJI

“dx = 0‘hvdx(cm,

TO

Ilonaras, yro

TEpENHIIEM 3aKOH MApaJUIe/IbHOTO NEPEHoCa B BUJIE:

31ech BeMMUUHbL A B M3BECTHOM CMBIC/IE aHAJIOTUYHBI cuMBosiaM Kpuctoddens rot’ B reo-
MeTpuM Pumana, HOCKOJIbKY OHU SIBISIIOTCS KO(P(PUIIMEHTaMU B COOTHOIIIEHUH, BBIPAKAIOIIEM 3aKOH
napajuiesibHoro nepeHoca. OaHaKko, IMEHHO B 3TUX BEIMYMHAX MPOSIBISIETCS MPOTUBOIONIOKHOCTD
IBYX CTpyKTYp. Benuuunsl I' B reomerpun PuMana cuMMeTpuyHbI 110 HUKHUM MHIEKCaM, HO Bblpa-
JKEHHBII Yepe3 HUX 3aKOH MepeHoca He HHTerPUPYeTCs.

Benuunnel A, HAMPOTHUB, HE CUMMETPUYHBI, HO BBIPAKaeMBbI Uepe3 HUX 3aKOH MepeHoca HHTe-
rpupyercsi.

Benuunnel A, kak 1 06pa30BaHHbIE U3 HUX AHTUCUMMETPUYHbIE BBIPAKEHUS

orv = AUOI - Avm

00JIa/IAI0T TEH30PHBIM XapaKTePOM.

CBepThIBaHMEM 3TOrO TEH30pa MOIYy4aETCs] BEKTOP

CP0=AGG<SL

UTpalolivil B (PU3MYECKUX MPUIIOKEHUSIX TEOPUU POJIb JIEKTPOMATHUTHOTO TIOTEHIMANIA.

CymiecTBoBaHME TEH30pa OOYC/IABIMBACT HAIMYME HMHBAPUAHTOB M UX MEPBBIX TIPOU3BOJHBIX.
C ¢yskuument 'aMuibToHa 3anuineM BapUAllMOHHBIA MPUHIUI 71 TAaKUX Bapualuil BeJTMYuH hv,
KOTOpbIe 0OpaniaiTcs B Hy/Ib Ha Tpeesiax uHTerpupoBanus. Toraa nmomydaioTcs 16 ypaBHeHUI st
16 moneBbIX TIEpeMeHHbIX h.

PazpaboTka u ¢puznveckass MHTEpIIpETaIys 3aTPyJHSIACh 10 TOW MPUYMHE, YTO IS BBIOOpa
COOTHOIIICHUH MEK/Ty TIOCTOSIHHBIMU A, B 11 ¢ anpriopy He ObIJIO M3BECTHO HUKAKUX OCHOBAHUH, T.K.
MY BHIOOPE TIOCTOSTHHBIX

B=-A,

C=0,

TIOJTyYaloTCSl YPaBHEHHUS TI0JIS1, B IEPBOM MPUOIMKEHUH COTTIACYIOIIMECS C M3BECTHBIMU 3aKO-
HaMM I'PaBUTAIIIOHHOTO U 3JIEKTPOMArHUTHOTO TOJIEH.

Boruricnenusi, npoBeaeHHble COBMECTHO ¢ I'. MioHIIeM, moka3ainu Jaxe (OTMETUM 3TOT MOMEHT
3HaKOM» |»), UTO TOJIe MaTepraIbHON TOYKU Oe3 MEKTPUIECKOro 3apsijia B Pa3BUTOH 3/1€Ch TEOPUH
B TOUHOCTH COBIIQJIAET C TIOJIEM, KOTOPOE JaeT MepBOHAYIbHAS 00Iast TEOpUsi OTHOCUTEIBHOCTH.

[Ipexne yem BEpHYTbCA K PACCMOTPEHUIO ITPOLIECCA MATEPUAIM3ALIAN €IUHUL], CKAKEM, UTO
BEKTOp, UTPAIOLINI B (PU3MUECKUX MPUJIOKEHUSAX TEOPUU POJb IMEKTPOMATHUTHOIO MOTEHIMANIA,
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BCJIEJICTBUE aHTUCUMMETPUYHOCTA OTHOCUTCS K MHTEIPUPYEMbIM BEJIMUMHAM, T.€. TAKOE OIMUCAHUE
MO3BOJISIET PACCMATPUBATh JIEKTPOMArHUTHBIN MOTEHIIUA HE KaK BOJIHY, a KaK YacTHILY.

B reomerpun Pumana ToT ke 3aKOH MPOCTPAHCTBEHHOIO TMEPEHOCA BEJIET K PacCMOTPEHUIO
AQHAJIOTMYHBIX BEJIMYUH KaK CAMMETPUYHBIX U HEMHTETPUPYEMBIX, T.€. BOJIH.

Cnenaem BBIBOJI, €CJIM MOKHO TaK BBIPA3UThCS:

[MeprienaukynsipHasi ccTeMa OTCUeTa MO3BOJISIET Peaiu30BaTh MEPIEHAUKYJISIPHbIE U (WJTH)
CKpeLMBAIOIIMECs] CBOMCTBA MCCIielyeMol enHuLipl, T.e.ipu B = -A, C = 0 B neprneHuKynspHon
cucreme orcyeta B+ C #B, -A — C =-A-1.

MoxHO czenath U JIpyrue BCEBO3MOXKHBIE BBIBObI, TPOCTEHILINII MOBTOPHBIM aHAIU3 puc.l.
MPOUJUTIOCTPUPYET 3TO.

BcnomHMM, 4TO, MOMYYHB JIBe KOOPOUHATHI, TOYKA CTPEMUTCS K KBaJpary, 3-K KyOy, MHOXe-
cTBO — 1iapy. Eciu ydecTth, 4TO BCEe MPOIECCH MTPOUCXOASAT BO BPEMEHM, KO BCEMY — M K TOUKeE,
1 K TIpOIiecCy, U K CUCTeMe, U K OMMCAHUIO TpoIiecca, T.e. K MPOU3BOJHON — T00aBIIsETCS] BEKTOP-
HOCTb, SIBJISIIOIIASICS [10 OTHOIIEHUIO K IPOYUM XapaKTEPUCTUKAM KBAa3UCBOMCTBAM, T.€. BEKTOPHOCTb
B CBOEM POJI€ YETBEPThIN JTUIITHUM.

Cama Touka B marepuanbHa, npuHauiexkuT KpuBoit MN, T.e. sIBJseTCS CllydaeM Ipolecca
MN, Touka B sBisiercst uessiM, 310 Aud eperiiman u3 UHTerpupoBaHHoON cucteMbl MN.

[Tpu co3ganum crcTeMbl KOOPIWHAT JIsl OMUCAHUSI TOYKU B OOHapykwBaeTcs, 4To Ha4yajo
OTYeTa He SIBJISIETCS] MaTePUaIbHON TOYKOM, T.€. KOOPIMHATHI €€ HYJIeBble ¥ T0O3TOMY Hayasio OTcyeTa
HAXOJUTCsI HUTJE, €r0 HeT.

9T0 HeMaTepuaibHasl TOUKa, OTHAKO, C y4eTOM BEKTOPHON BPEMEHHOMN XapaKTePUCTUKU, TOUKA
«HUTJE» CTAHOBUTCS JIyUYOM «HHUTIJIE», (paKT MOSBJICHUS JIyda B HACTOSIIIEM IPOSIBIISIET €ro OTCYyT-
CTBUE B MPOIILIOM, T.€. Ty CTAHOBHUTCS MPSAMOM «HHTJIE», C YBEJIMUYEHUEM YMCIIa TPOCTPAHCTBEHHBIX
XapaKTEPUCTUK TpsiMasi pa3BepPTHIBAETCS B IJIOCKOCTh, jajiee OJHOBPEMEHHO C TOUKoW B mpsmas
«HUTJIE» Pa3BEePTHIBAECTCS B HYJIb — ITPOCTPAHCTBO.

[Tockonbky Touka B cummerpuuna touke O, a Touka O CTaHOBUTCSI IIEHTPOM CHUMMETPUU
u B paBHO# crenienu npuHaiexkutr AACI n AACB, To ona umeet cBoiicTBa MHO)ecTBa Touek AAC]I
u cBoiicTBa MHO)ecTBa Touek AACB, T.e. koopauHaTHOM cpepbl U OTpaKEHUsI KOOPAUHATHOM chephl.

[Tockonbky Touka O umeet cBoricTBa ToukH [ 1 Touka B B paBHOII cTernieHu, a Takke CBOMCTBO
OBITh MATEPUATLHON TOYKOW M He OBITh €10 OMHOBPEMEHHO, Jo0as HeMaTepualibHasi TOUKA HYJTb-
MPOCTPAHCTBA MPU MOJTYYEHUU BPEMEHHOU XapaKTEPUCTUKU MOXET CTaTh MaTepUAILHOM, T.K. 33/1aB
Touke O KOOPAMHATHI [3 U 0L HA OCAX X M Y, MbI TPAKTUYECKH YpaBHUBAEM ee ¢ TOUKor B, npeBparus
ee B iotooue. To ecTh, orucaB HeuTo (haKTHUECKU HEBEPOSITHOE, MBI 33]]aéM CBOWCTBA 3TOTO «HEUTa»
Y, 3HAUUT, HAYMHAEM €r0 CO34aBaTh.

Urak, Mbl paccMOTpesiv IOBeJIeHUE TMTOCTOSTHHBIX

B = -]I (otHOCHUTEIBHO TOUKH ()

npu 3tom [l = 0, paccrosinue 1A # [JA, T.x. Touka [l Her, a Ha camom aene [JA = [A-]I, u,
HecMmoTpst Ha To, uto [ = 0, uto HellA, dpaktruecku orpe3ok LA OIHON TOYKOU HAXOAUTCS B HYJIb-
MPOCTPAHCTBE, UJIET U3 Hero. Kak HU cTpaHHO, HO OTpUIIaTe IbHbIE 3HAYEHUST YUCIOBBIX KOOPIUHAT
ocell y ¥ X He HaXO[STCS B HEM, OHU TaK ke HaXOJASATCS «I10 3Ty CTOPOHY», T.K. OTJIUYHBI OT 0.

IT0 CBA3aHO C (DAKTOM BBISIBJIEHUST «OTCYTCTBUS B MPOLILIOM» MPH (PaKTe «IMOSIBJICHUSI B HACTO-
SIITIEM>.

B peanpHOM Mupe hakTHdeckn Todast OTpakaoInast IOBEPXHOCTh (3epKajio) COAePIKUT N300-
paskeHue HyJIb- IPOCTPAHCTBA.

IIpu paccMoTpeHuM MPOCTPaHCTBEHHO-BPEMEHHOTO KOHTUHYYMA CIIEUAIbHON TEOPUN OTHO-
CUTECJIbHOCTH, B KOTOPOM KaKa0€ COOBITHE OIUCHIBAETCS YCTBIPbMA YUCIIAMU: X, Y, Z (HpOCTpaHCTBeH-
HbIe KOOPJMHATHI) ¥ KOOPAMHATOM t (3HAYeHNEM BpEeMEHH ), OITUCAHUE «COCETHETO COOBITHS» C KOOp-
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JAWHATAMU X[, Y1, Z] ¥ t| OyAeT OTIM4YaThCs Ha ds? = dx* + dy2 +dz? — 2t = dx12 + dy12 + d212 -

czdtlz, e C €CTb MHUMAs €AVHULIA,.

O06a 31X cOOBITUSI HAXOIATCS B HAIlleM MHpE, TOJIbKO BpeMEHHasi KOOpAMHATA, CBS3aHHAs
C KBaJIpaToM MHHUMOU CAIVWHUIBI, TIPUBOAUTCA U3, CKAXKEM, IICPIICHANUKYJIAPHOI'O IIPOCTPAHCTBA.

31ech yMeCTHO ITPUBECTU HEKOTOPBIE BHIPAKEHUS:

o=-1

(-1) » (-1) = 1; T.e. MHUMas eJUHMIIA HA CAMOM JIeJie JIETKO ITPEBPAIAeTCsl B OTPULIATEIbHYIO
eIMHUILY, KOTOpasi JOCTOBEPHO MOXET OOpaTUTHCS B 11EJI0€ MOJIOKUTETTBHOE YKCIIO, KOTOPOE MOXKET
CITy’)KUTh KaK UHTETpajioM, Tak u quddepeHmnmanom, B orinaure ot, C, T.e. 001a1aTh CBOCTBOM acCH-
METPUYHOCTH.

Toraa, o6pa3HO TOBOpsI, BCE MPOCTPAHCTBO TOCTOSIHHO HAXOOUTCS B BEKTOPHOM JIBUKEHUU
BO BpEMEHH, T.€. OCYIIIECTBIISETCS BCEOOITHI MapalieIbHbIN IePEeHOC, XapaKTepU30BABIIUICS 3aKO0-
HOM

Jlorn4Ho npupaBHATH

Jlaniee, MOCKOJIBKY BCE MPOCTPAHCTBEHHbIE KOOPAMHATHI KaK MPUHAIJIEKAIE Yepes3 JII00YIo
OIUCBHIBAEMYIO IMHU TOUKY BCEM TPEM UKCIIOBBIM OCSIX X, Y, Z, IPUCYTCTBYIOT B KBa3UIIPOCTPAHCTBE
TOJIBKO OfIHOM OOIIel TOUKOW OTcYeTa, KOTopasi cama He MMEeT YKCIIOBBIX XapaKTepUCTUK, T.K. OHU
= 0, MBI IOCTOBEPHO IOJIyYaeM, YTO B KBA3UIPOCTPAHCTBE BCE COOBITHS HAXOISATCS Ha CBOMX MECTax
TaK, KaK B «HAllleM» MHUPE IPOCTPAHCTBEHHbIE OOBEKTHI.

UYeTBeproe ypaBHeHUe npeoOpa3oBaHus JIopeHIla MoKkas3biBaeT, 4YTo, B OTVIMYMH OT KJlaccuye-

CKOM (pr3uKH, T1Ie BpeMst aOCOMIOTHO pAaBHOMEPHO M TIOCTOSIHHO, 110 ["amiiero: t = t!, BpeMs1 OTHOCH-
TEJIbHO OJTHOTO M TOTO e COOBITHSI B Pa3HBIX CUCTEMaxX OTCYETa MOXKET ObITh Pa3IMYHbBIM, T.€.:

N7

eciu t — t; = 0, To Tenepn

t—t; #0.

Jlorn4yHo BepHYTHCS K YTBEPKACHUIO, YTO MOCTOSIHHBIE BEJIMYKMHBI IPOSIBIISIIOT CBOMCTBA IEpe-
MeHHBIX, The JJA # JA.

OOHapykHBaeTCs, YTO KOHTHHYYM ITPOCTPAHCTBO * BpeMs MPH YCIOBUM t = t, 1o ['amero,
HEOJHOPOIHO I10 CBOMCTBAaM IIPOCTPAHCTBA, T.€. M| # m (m, K pUMepy, Macca OIHOTO MPOCTPaH-
CTBEHHOT0 0OBEKTa, M M| €CTh Macca JAPYroro) ¥ HAYYTh He MPOTUBOPEUNBO, TO CJICICTBEHHO, TTPU
t # t; sIBJIeHWe m| = m, T.e. Macca (3HaueHue sHepruu, E,) Bcex (JII0OBIX IPOCTPAHCTBEHHBIX 00b-
eKTOB TIpH YIUIOTHEHUH (KOJIe0aHUSIX MJIOTHOCTHA BpEMEHH) UMEET TIOJHYI0 OJJHOPOAHOCTh Ha BCEM
T10J1€ BPEMEHM.

Brnpouem, 310 O4eBHIHO: BCe MPOILIOE UMEET a0COMIOTHO TAaKYyIO e BEpPOSTHOCTh BOCIIPO-
M3BEJEHUSI OTHOCUTEJILHO HACTOSIIEIO MOMEHTA, SIBJISIOILErocsi KBUHTECCEHLIMEN TPEX BPEMEHHBIX
KOOpIOUHAT tq, tp, t3 (mporwioe (o), HacTosmee (f3), Oyayinee (Y) ¥ OJHOM MPOCTPAHCTBEHHOM, V
(0O0beM), TO ecThb, IPU TMEPEMELICHUH «H13 MPOCTPAHCTBA BO BpPEeMsi» BCE MPOCTPAHCTBO MpPHOOpe-
TaeT CBOWCTBO TOUYKH; B 3Ty IPOCTPAHCTBEHHYIO KOOPIMHATY BXOJUT BCE MUPO3/IaHUE, HAXOAAIIEeCs
B HACTOSIIIIEM MOMEHTE, HEKOel KOOpIMHATE ObITHS, IepeTeKaloIel U3 BpEMEH! BO BPEMsI 110 BUTKY
BUTOK. MBI BU/IUM, UTO B MOHSITUE «MTHOBEHHE» BXOAUT CYIIECTBOBaHWE Bcero (ppuaIMaHa, U BCS
BEYHOCTD IMPEAOCTABJIEHA KaK/I0W TOUKE IMPOCTPAHCTBA, U YTO MPOUCXOOUT MOCTOSITHHOE BO30OHOB-
JIeHUEe TIOCPEJICTBOM TepeMeH COOTHOIIICHUsI, «MHb-5IH». ([lpeBHEpyCcCKOe 3HAUeHHe CJIOBA «BPEeMsi»
€CTh «HEUYTO BPalalOLIEeeCs» ).
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KoHen 03HakoMuUTEJIbHOT0 (pparmMeHra.

Texkcr npenocrasieH OO0 «JIutPec».

[IpounTaiiTe 3Ty KHUTY LIEJIMKOM, KYIMB IIOJHYIO JIEraJbHYIO Bepcuio Ha JlutPec.

BesomnacHo onnatuTh KHUTY MOKHO OaHKOBCKOM Kaprtoit Visa, MasterCard, Maestro, co cuera
MOOWIIBHOTO TenepoHa, C TUIaTeKHOro tepMuHana, B catone MTC wm Cesi3Hoii, yepes PayPal,
WebMoney, fAunekc.densru, QIWI Komesnek, 60HyCHbIME KapTaMu WX APYTUM YIOOHBIM Bam crio-
COOOM.
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