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Marepuaau3anusi ’KUBbIX
U HE:KUBBIX CHCTEM

Yro noppaszymeBaercs o TepMUHOM Marepuannsanus? Ma-
TeMaThu4JecKas eJMHUIIA U MaTepruasibHasl TOUKa aOCTpakTHHI. be3s
MaTeMaTHKH OHHM OTCYTCTBOBAJIM KakK MOHATHE, HO O€3 HUX Teo-
peTHYecKue TPyabl He OOOILIUCh Obl, He OBLIO MaTeMaTHUYeCKO-
ro 000O0IIEeH s, TEOPETUIECKON Oa3bl 1715 MPAKTUIECKON UHIY-
crpun. VI3 HeObITUS W3BJICUCHHbIE B MH(DOPMAIIMOHHBIA TLIACT
3¢eMepHbIe TIOHSTHUS SBUIIUCH KPAeyroJbHBIMU KaMHSIMH MHO-
KECTBA MPAKTUYECKUX BHIYUCIICHUIL.
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Paccmotpum niporiecc Mn (kpuBasi) u ciaydail B atoro npo-
1ecca (tTouka B).

OOHapyXvBaeTcsl, YTO MPaBUJIbHO OMMCATh ITOT MPOILECC
HEBO3MOXHO, T.K. CAMO ONIMCAaHUE HE UMEET KOHIIA, U BEPOSITHO
TOJIBKO ONMCAHUE 33/1AHHBIX, T.€. U3BECTHBIX XapaKTEPUCTUK.

[MonyuuB 1Be KOOPAMHATHI, TOYKA CTAHOBUTCS «KBaIPATHOM»,
co cropoHamu X U y. Ecmu 106aBuTh oCh Z, 33/a101Iy10 00b-
€M, TOYKa CTAaHOBUTCSI KyOOM CO CTOPOHAMH X Y Z, €ClI X =
y = Z U NapajUleienuIesioM, eciu X # y # z. [Ipu nosisneHun
JVMCKPETHOM BpaIIaTeIbHOW XapaKTEPUCTHKH TOUKa OyZieT cTpe-
MUTbHCA K (POPME MHOTOIpaHHHUKA, a IOCTOSIHHASL BpalllaTesIbHas
XapaKTepUCTHKA MPEBPATUT €€ B LIap, T.. TOUKa MPUMET U3HA-
YaJIbHO IIpearonaraemMyio (hopmy, «Kpyriyios».

[lepBoHauanbHOE ONMCaHWE ABYMS KOOPAMHATAMH MOKHO
pPacCMOTpETh B KauecTBe ciydasi Marepuain3anuu Touek A u C,
KOTOPBIX «HE ObLIO» U KOTOpPbIE «BO3HUKJIN» MPH HEOOXOTUMO-
CTH Oorucarb TOUKy B.

OTHOCUTENIBHO JAPYT JIpyra OHM PaBHbBI HYJIO, OTHOCUTEJIBHO
TOYKM B uMEIT 4KcioByl0 XapaKTepUCTHKY. 3allOMHUM 3TOT
(hakt. B kBaHTOBOW (pUBHMKE TaK «BEAYT CeOS» MPOTHBOIIOIOK-
HbIE CITUHBI.

Hazosem AAC]] koopnrHaTHOU chepoyi ONMCBIBAEMOU TOUKHU
B; AABC orpaxeHuemM KOOpAUHATHOU Cepbl.

PaccmoTrpum MaTepranuzanuio (34ech U 1ajiee TepMUH Mate-
puanuzanus ynorpeoisieM Kak OaHaJIbHbI) HAa JAHHOM TpUMe-
pe. AABC orpannyeH BCIIOMOraTeIbHbIMU NEPIIEHANKYJISPaMU



Ha OCH KOOpAuHAT U rurnoteHy3oi AC, KoTopast ClIyKUT T'paHu-
LeW MeX1y KOOPAUHATHOU C(PEPOH U €€ OTPAKEHHUEM.

AAJIC nimeer 3HaYeHHe AJIs1 CUCTEMbl KOOPAWHAT X Y C IIeH-
TpoM B Touke [l u mJig mporecca onucaHusl OH caM SIBJISIETCS
OTMMCAHUEM «Pa3PeKEeHHON» TOUKHU B, B CYIITHOCTH, 3TO MaTepu-
AJIM30BaHHOE KBA3UIIPOCTPAHCTBO, TO €CTh Mbl MOJTY4YaeM MpHU-
Mep BO3HUKHOBEHHUS U, Jjajiee, y3aKOHUBAHUSI, ITOrO MOHSTUS,
u, 6oJiee TOro, MPSIMOTO y4acTus B JBMKEHUU TBEPAOTO MaTepH-
QJILHOTO MUPA TAKUX OOBEKTOB, KaK MaTepHhasbHas TOUKA U Ma-
TeMaTU4YeCKasl €IMHULIA. DTOT MPOLIECC aBTOP M HA3BIBAET MaTe-
pUaIM3alie, a BHIIIEOMTMCAHHOE €CTh CJTydal MaTepraIn3allvu.

OpnHako, ¥ TOYKa, U €IMHULA ABJIAITCA KBa3WBEIMUMHAMM,
T.K. OHU HaXOASTCS B KBa3UMPOCTPAHCTBE.

31ech yMECTHO TIPUBECTU ONMCAHWE CYIIECTBOBAHUS a0CO-
JIIOTHOTO Mapauieiu3Ma JJsi HAlOMUHaHWs 0 reoMeTpun Pruma-
Ha.

«B omHolt Touke Po opueHTanuio JIOKaabHOrO OPTOrOHaJIbHO-
0 N-KOJIa MOXHO BBIOpaTh Mpou3BObHO. Ho 1yist qpyrux Touek
OHa yxke OyJeT OnpeJieNIIThCSI OMHO3HAYHO YCIIOBHEM, YTOOBI BCe
COOTBETCTBEHHBIE OCH JIOKAJIbHBIX N-KOIOB ObUIM B3aUMHO Ta-
payutenbHbIMU. Tora napasuiesibHble BEKTOPHI OyIyT UMETh OfIH-
HAKOBBIE JIOKAJIbHbIE KOMITOHEHTHI. Takum 00pa3oM, IS rapa-
JIETLHOTO TiepeHoca BekTopa A u3 Touku Po B 6e3koHevHO (Tpa-
BOCJIaBHas oporpadusi MPUCTABKU «0e3» 3/1eCh U Janee) Omu3-
KyI0 TOUKY P Beinonnsercs gopmyiia
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WIH, T.K. KOMIIOHEHTbI JIMHEIHOTO 3nemenTa dx ' = ah"*dx,
a 0OpaTHBIE COOTHOILEHUA UMEIOT BUJ

%dx = %h,dx>",
TO

INonaras, yro
MIEPETHILIEM 3aKOH MapaJJIEJIbHOrO NEPEHOCA B BUJIE:

3,[{er BEJIMYMHBI A B U3BECTHOM CMBIC/IE aHAJIOTUYHBI CHM-

Bonmam Kpucropdensa rot’ B reomerpun Pumana, MOCKOIBKY
OHU SIBJISIOTCS KO3(P(UIIMEHTaAMU B COOTHOILIEHUH, BBIPAKAIO-
IeM 3aKOH NapajuiesibHOro nepeHoca. OJJHaKO, IMEHHO B 3THX
BEJIMUMHAX TPOSIBISETCS MPOTUBOIIOIOKHOCTD JIBYX CTPYKTYP.
Bemuuns I B reomerprn Pumvana cuMMETpUYHBI TIO HUDKHUM
MHJIEKCaM, HO BBIPAKEHHBII uepe3 HUX 3aKOH MepeHoca He MH-
Terpupyercs.

Benuuunbl A, HAMPOTUB, HE CUMMETPUYHBI, HO BBIPAKaEMbII
yepe3 HUX 3aKOH MepeHoca MHTerpupyeTcsi.

Benmuuunet A, kak 1 00pa3oBaHHbIE U3 HUX AaHTUCUMMETPHY-
HBIE BBIPAKEHUS

v v v
ot =N g1—A'rg
00/1aJal0T TEH30PHBIM XapaKTEPOM.
CaepTbIBaHHEM 3TOTO TEH30pa MOITY4aAETCs BEKTOP
a
Po=A"04,
UTPAIOIIUN B (PU3NUECKUX MPUIIOKEHUSIX TEOPUU POJIb JIEK-



TPOMarHUTHOTO MOTEHIMAJIA.

CymecTBoBaHMEe TeH30pa OOYCIABIMBAET HAJIMUYME WHBAPH-
AQHTOB M WX MepBbIX Mpou3BoaHbIX. C ¢yHKIMer ['amuibToHa
3aruuieM BapyallMOHHbIN IPUHIMI JJ1s1 TAKUX Baphaluil BEIU-
4yrH hv, KoTOopble 00paIalTCcs B HyJIb HA TIPe/ieiaX UHTETPUPO-
BaHMs. Toraa nonyvatorcs 16 ypaBHeHuit s 16 noseBbix me-
pemMeHHbIX h.

Pa3zpaGotka u (usmyeckass UHTEpHpeTanus 3aTpyaHsIach
110 TOW TIPUYMHE, YTO JJIs1 BHIOOpA COOTHOIICHWIH MEXTy IOCTO-
SIHHBIMU A, B 1 ¢ anipuopu He ObIJIO M3BECTHO HUKAKUX OCHOBA-
HUM, T.K. TIPA BEIOOPE TTOCTOSIHHBIX

B =-A,

C=0,

NOJIyYaloTCsl  YpaBHEHWS TOJIsl, B TIEPBOM MPHOIMKEHUN
COITIACYIOIIMECA C W3BECTHBIMU 3aKOHAMHU T'PaBUTALMOHHOIO
Y 3JIEKTPOMAarHUTHOTO TOJIEH.

Boruncnenusi, mpoBeneHHble cOBMECTHO ¢ I'. MIoH1IEM, MTOKa-
3aJI1 1axke (OTMETUM 3TOT MOMEHT 3HAaKOM» |»), 4TO 1ose MaTte-
PUATBHOW TOUKH O€3 MEKTPUIECKOro 3apsijia B pa3BUTON 31€Ch
TEOpPUU B TOYHOCTHU COBIIA/IAET C MOJIEM, KOTOPOE JaeT NepBOHA-
JasibHas1 00I1Iast TEOPUsI OTHOCUTETBHOCTH.

[Ipesxae yem BEPHYTHCA K PACCMOTPEHUIO ITPOLIECCA MATEPH-
aJu3allvy eJUHUL, CKaKeM, YTO BEKTOp, UTPaIoIIi B pu3nye-
CKUX IIPUJIOKEHUSAX TEOPUU POJIb JIEKTPOMATHUTHOTO MOTEHIIM-
ajna, BCIEACTBUE aHTUCUMMETPUYHOCTU OTHOCUTCSI K UHTETPU-
PYEMBIM BEJIMUYMHAM, T.€. TAKOE OIMMCAHUE TO3BOJISAET paccMar-



pUBAaTh MEKTPOMArHUTHBIN MOTEHIMA HE KaK BOJIHY, a KaK 4a-
CTHILY.

B reomerpun Pumana TOT ke 3aKOH POCTPAHCTBEHHOTO Te-
pEeHOca BEJIET K pACCMOTPEHUIO aHAJIOTUYHBIX BEJIMYMH KaK CUM-
METPUYHBIX U HEUHTETPUPYEMBIX, T.€. BOJIH.

CnenaeM BBIBOJ, €CJIM MOKHO TaK BBIPA3UTHCS:

[lepnieHuKyasipHasi CUCTEMA OTCUYETa TMO3BOJISIET Pean30-
BaTh MEPHEHAVKYJISPHbIE U (UJIM) CKPEUIMBAIOIIMECs CBOMCTBA
uccaenyemMon equnumiipl, T.e.ipu B = -A, C = 0 B nepneHuky-
nsapHou cucreme orcueta B + C # B, -A - C =-A-1.

MokHO caenarh U Apyrue BCEBO3MOKHbIE BHIBO/IbI, TPOCTEM-
1M TIOBTOPHBIN aHAIN3 PUC. . TPOUJUTIOCTPUPYET ITO.

BcnoMHuM, 4T0, MOJTy4uB JBE KOOPAMHATHI, TOYKA CTPEMUT-
s K KBaaparty, 3-K KyOy, MHOXecTBO — mapy. Eciu ydects, uto
BCE MPOIECCHl MPOUCXOAAT BO BPEMEHH, KO BCEMY — U K TOUKE,
Y K IIPOLIECCY, U K CUCTEME, U K OITMCAHUIO ITPOLECCa, T.€. K MPO-
W3BOJHON — H00ABIISIETCS] BEKTOPHOCTb, SIBJISIIOIIASICS TI0 OTHO-
HICHUIO K IPOYHMM XapPaKTEPUCTUKAaM KBAa3UCBOWCTBAM, T.€. BEK-
TOPHOCTb B CBOEM POJI€ YETBEPTHIN JIUIITHUM.

Cama Touka B matepuasnbHa, npuHajiexxuT kpusod MN, T.e.
saBysercs ciayvyaem nmpouecca MN, Touka B aBisercs uessim, 31o
JuddepeHnran u3 MHTerpupoBaHHon cucremsl MN.

[Ipy co3zpaHuM cUCTEMBbl KOOPAMHAT ISl ONMCAHUSI TOUYKU
B oOHapy:kuBaeTcs1, 4YTO HAUaJIO OTYETA He SIBJISIETCS MaTepraib-
HOW TOUYKOM, T.€. KOOP/IMHATHI €€ HYJIEBBIE U [I09TOMY HAyaso OT-
cYeTa HaXOJUTCS HUTAE, €rO HET.



DT0 HemarepuasbHash TOYKA, OJHAKO, C YUYETOM BEKTOPHOMN
BPEMEHHOU XapaKTEPUCTUKH, TOUKA «HUTTIE» CTAHOBUTCS JTy4OM
«HUTZIE», (PaKT MOSIBJICHUS JIyya B HACTOSIILEM IPOSIBISIET €r0
OTCYTCTBHUE B MPOIILIOM, T.€. JTy4 CTAHOBUTCS MPSIMON «HUTAE»,
C YBEJIMUEHUEM YKCIIA TPOCTPAHCTBEHHBIX XAPAKTEPUCTUK MpPsi-
Masi Pa3BEPTHIBAETCS B IUIOCKOCTb, 1aJIe€ OQHOBPEMEHHO C TOY-
KoM B nipsimast «<HUrie» pa3BepThIBAETCS B HYJIb — [IPOCTPAHCTBO.

[Tockomnbky Touka B cummerpuyna Touke O, a Touka O cra-
HOBUTCSI IIGHTPOM CUMMETPHM U B PaBHOW CTETIEHU MPUHAJIe-
KUt AACI] u AACB, To OHa UMeeT CBOMCTBa MHOXKECTBA TOUEK
AAC]I u cBoiictBa MHOecTBa Touek AACB, T.e. KoOpAMHATHOU
cpepbl U OTpaKeHUST KOOPAMHATHOU cephl.

[Tockonbky Touka O umeer cBoicTBa TOYKM [ M Touka
B B paBHOI1 cTeneHH, a Tak ke CBOWCTBO ObITh MAaT€PUATBHOM TOU-
KO U He OBITh €10 OHOBPEMEHHO, JII00asi HeMaTepuaibHas TOU-
Ka HYJIb-IIPOCTPAHCTBA MPH MOJyYeHUH BPEMEHHOUN XapaKTepu-
CTUKU MOXET CTaTh MaTepUaJIbHOM, T.K. 3a/1aB Touke O Koopau-
HaThl 3 U O HA OCSIX X M Y, Mbl MIPAKTUYECKU YPAaBHUBAEM €€
¢ Toukor B, mpeBpatuB ee B nogooue. To ecThb, OnmucaB HEYTO
(pakTHUECKM HEBEPOSITHOE, MBI 33/1a€M CBOMCTBA TOTO «HEUYTa»
Y, 3HAYUT, HAYMHAEM €TI0 CO3/1aBaTh.

Wtak, Mbl pacCMOTpENH MOBEACHUE MTOCTOSTHHBIX

B = -] (otHOCUTENBHO TOUKH ()

npu 3toM Il = 0, paccrossnue JA # 1A, 1.K. Touka ]I Her,
a Ha camom jaene JJA = JJA-II, u, Hecmotps Ha To, uto [ = 0,
yto [IeIA, pakTuecku oTpe3ok A oqHOM TOUYKOM HAXOOUTCS



B HYJIb-IPOCTPAHCTBE, UAET U3 Hero. Kak HU cTpaHHO, HO OTpH-
1aTe/IbHbIE 3HAUYEHUST YUCIOBBIX KOOPIMHAT OCe Y U X He HaXO-
JATCSL B HEM, OHM TaK e HAXOASATCS «I10 3Ty CTOPOHY», T.K. OT-
JaHb! oT 0.

37O CBA3AHO € (PAKTOM BBISIBJIEHUS «OTCYTCTBUS B IIPOITLIOM>»
npu (paKTe «IMOSIBICHUSI B HACTOSIIIIEM».

B peasibHOM Mupe (haKTHUECKH JiI00asi OTpaskarolas rmoBepx-
HOCTb (3€pKaJIo) CONEPKUT U300paKeHre HYIb- IPOCTPAHCTBA.

[Ipn paccMOTpeHMH NPOCTPAHCTBEHHO-BPEMEHHOTO KOHTH-
HyyMa CIielIMaIbHON TEOPUU OTHOCUTENILHOCTH, B KOTOPOM KaX-
J0e COOBITHE OIHUCHIBAETCS YETBIPbMsI YUCIAMHU: X, Y, Z (IIpo-
CTPAHCTBEHHBIE KOOPAVHATHI) U KOOPAMHATOM t (3HAUEHHEM Bpe-
MEHH), OITUCAHUE «COCETHETO COOBITHS» C KOOPIMHATAMU X |, V1,

Z1 ¥ t; OyJeT OTIMJYaThCs Ha ds?=dx® + dy2 +dz? - 2di? = dx12

+ dy12 +dz 12 — czdtlz, I7ie C €CTh MHMMAas €UHUIIA,.

O0a 3TuX COOBITHS HAXONATCS B HaIlleM MHUpPE, TOJBKO Bpe-
MEHHAas1 KOOpAWHATA, CBA3aHHAsI C KBaJpaTOM MHUMOM €QUHU-
1bl, IPUBOAUTCS U3, CKAXEM, MEPIEHANKYISPHOrO MPOCTPAH-
CTBA.

31ech YMECTHO MPUBECTH HEKOTOPbIE BHIPAKEHUS:

e=-1

(-1) » (-1) = 1; T.e. MHMMas eIMHUIIA HA CAMOM JieJie JIETKO
MpEeBpAIlaeTCsl B OTPULIATENIbHYIO €AUHUILY, KOTOpasi JOCTOBEP-
HO MOXXET 00OpaTUThCS B 11eJI0€ TIONOKUTETBHOE YHCIIO, KOTOpPOe



MOJKET CJTYXKHUTb KaK MHTErpajioM, Tak 1 1 epeHimaiom, B OT-
muwre oT, C, T.e. 00nagaTh CBOMCTBOM aCCHMETPHYHOCTH.

Torna, o6pa3HO TOBOpsi, BCE MPOCTPAHCTBO MOCTOSTHHO HAXO-
JUTCS1 B BEKTOPHOM JIBMKEHUU BO BPEMEHH, T.€. OCYIIECTBIISIET-
Cs1 BCeOOITUI Tapaie/IbHBIN MepeHOC, XapaKTepr30BaBIIUNACS
3aKOHOM

JIOru4HO MPUPABHSATH

Jlanee, MOCKOJIBKY BCE MPOCTPAHCTBEHHBIE KOOPIUHATHI Kak
IpUHAJIeKAIINE Yepe3 JT0OYI0 ONMCHIBAEMYI0 MU TOUKY BCEM
TPEM YKCJIOBBIM OCSIX X, Y, Z, IPUCYTCTBYIOT B KBa3WITPOCTPaH-
CTBE TOJIBKO OIHOM OOIIEH TOYKOW OTCYeTa, KOTopas cama
HE UMEET YHUCIIOBBIX XapaKTEPUCTHK, T.K. OHU = (0, MBI JOCTOBEP-
HO TIOJTy4YaeM, 4TO B KBa3UITPOCTPAHCTBE BCE COOBITHS HAXOMIST-
Cs1 HA CBOMX MECTaX TaK, KaK B «HAILIEM» MUPE MTPOCTPAHCTBEH-
HbI€ OOBEKTHI.

YerBeproe ypaBHeHHE npeodpa3oBanus JIopeHIa mokasbBa-
€T, YTO, B OTJIMYUH OT KJIACCHUYECKON (DUBUKH, Tie Bpems abco-

JIOTHO PABHOMEPHO 1 TIOCTOSIHHO, 110 [ammieio: t = t!, Bpemst or-
HOCHTEJIFHO OTHOTO M TOTO € COOBITHS B Pa3HBIX CUCTEMax OT-
cuyeTa MOXKET ObITh pa3InuHbIM, T.€.:

A
eciu t — t; = 0, To Tenepp
t—t; #0.

JlornyHO BEpHYTHCA K YTBEPKACHUIO, YTO ITOCTOSTHHBIE BEJIU-



YWHBI TPOSIBJISIOT CBOMCTBA MepeMeHHbIX, riae A # JIA.

OOHapykHBaeTcsi, YTO KOHTUHYYM IPOCTPAHCTBO * BpeMs
MpU ycJIoBUHM t = ty, o ['anuiero, HEOMHOPOIHO MO CBOWMCTBAM
MPOCTPAHCTBA, T.€. M| # M (M, K IPUMEPY, Macca OAHOIO Mpo-
CTPaHCTBEHHOTO OOBEKTa, U M| €CTh Macca JPyroro) U HUYYTh
HE MPOTUBOPEYMBO, TO CIICACTBCHHO, IIpU t # (| ABJICHUE M| =
m, T.e. Macca (3HaueHue 3Hepruu, E,) Bcex (JIOOBIX MPOCTpaH-
CTBEHHBIX OOBEKTOB MU YIUIOTHEHUM (KOJeOaHUSAX TUIOTHOCTH
BPEMEHU) UMEET MOJIHYI0 OJHOPOAHOCTb HA BCEM I10JI€ BPEMEHHU.

Bripouem, 310 04eBUIHO: BCE MPOIILIOE UMeeT aOCOTIOTHO Ta-
KYIO K€ BEPOSITHOCTb BOCIIPOU3BEEHUSI OTHOCUTEIBHO HACTOSI-
1IEr0 MOMEHTA, SIBJISIIOIIErOCs KBUHTECCEHIIMEN TPEX BPEMEH-
HBIX KOOPAMHAT t], ty, t3 (Tiporwioe (o), HacTostee (f3), Oyayiee
(Y) ¥ OHOW MPOCTPAHCTBEHHOM, U (00BEM), TO €CTh, IIPU TIepe-
MEIIEHUH «U3 IPOCTPAHCTBA BO BPEMsI» BCE IIPOCTPAHCTBO MPU-
oOpeTaeT CBOMCTBO TOYKH; B 3Ty MPOCTPAHCTBEHHYIO KOOPIH-
HATY BXOAMT BCE MUPO3JAHUE, HAXOIAILIEECA B HACTOAILIEM MO-
MEHTE, HeKOoel Koop/uHate ObITHS, IepeTeKaloIel U3 BpeMeH!
BO BpeMsI [0 BUTKY BUTOK. MbI BUJIUM, UTO B TIOHSITUE «MI'HOBE-
HUE» BXOJIUT CyILIECTBOBAaHUE BCErO (PpUAMAHA, U BCSI BEYHOCTh
MPeJOCTaBIeHa KakJOM TOUKE TPOCTPAHCTBA, U YTO MTPOUCXOAUT
TIOCTOSTHHOE BO30OHOBJICHUE ITOCPEICTBOM MIEPEMEH COOTHOIIIE-
HUSI, «UHb-sIH». (JIpeBHEpYyCCKOe 3HaUE€HHUE CJIOBA «BPEMSI» €CTh
«HEYTO BPAIIAIOIIEECS ).
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